
Jon the Quantum Mechanic

Chris Quigg
Fermi National Accelerator Laboratory

Jon Rosner Symposium· University of Chicago· 1 April 2011

mailto:quigg@fnal.gov


First DPF Meeting· Boulder



)2 mass (GeV/c-µ+µ
8 8.5 9 9.5 10 10.5 11 11.5 12

 )2
Ev

en
ts

 / 
( 0

.0
7 

G
eV

/c

0

2000

4000

6000

8000

10000

)2 mass (GeV/c-µ+µ
8 8.5 9 9.5 10 10.5 11 11.5 12

 )2
Ev

en
ts

 / 
( 0

.0
7 

G
eV

/c

0

2000

4000

6000

8000

10000  = 7 TeVsCMS Preliminary,  
-1 = 40 pbintL

| < 1µ!|
2 = 67 MeV/c"

June 16, 1977: News of Υ

E288Υ

Quarkonium? One new quark or two?
Properties of new quark?

Is strong interaction flavor-blind?



The Empirical Approach

Appelquist & Politzer: NRQM applies to QQ̄ systems.

Cornell group: had shown the predictive power of the
NR potential-model approach using a “culturally
determined” potential,

V (r) = −
κ

r
+

r

a2
.

Eichten & Gottfried anticipated spectroscopy of bb̄:

M(Υ′) − M(Υ) ≈ 420 MeV

≈ 2
3[M(ψ′) − M(ψ)] .
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Υ′ − Υ spacing same as ψ′ − ψ

E288 M(Υ′) − M(Υ) M(Υ′′) − M(Υ)
Two-level fit 650 ± 30 MeV
Three-level fit 610 ± 40 MeV 1000 ± 120 MeV
M(ψ′) − M(ψ) ≈ 590 MeV

V (r) = C log r ; ∆E independent of µ
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Scaling the Schrödinger Equation: V (r) = λr ν

~
2

2µ
u′′ +

[

E − λr ν −
ℓ(ℓ+ 1)~2

2µr 2

]

u(r) = 0 .

Substitute

r = ρ

(

~
2

2µ|λ|

)1/(2+ν)

E = ε

(

~
2

2µ|λ|

)−2/(2+ν) (
~

2

2µ

)

and identify w(ρ) ≡ u(r): ; dimensionless form,

w ′′(ρ) +

[

ε− sgn(λ)ρν −
ℓ(ℓ+ 1)

ρ2

]

w(ρ) = 0 .

Chris Quigg (FNAL) Jon the Quantum Mechanic JLR Symposium · 1.4.2011 4 / 18



Length scale [L] ∝ (µ|λ|)−1/(2+ν)

Coulomb: (µ|λ|)−1

Log: V (r) = C log r (Cµ)−1/2

Linear: (µ|λ|)−1/3

SHO: (µ|λ|)−1/4

Square well: (µ|λ|)0

Energies [∆E ] ∝ (µ)−ν/(2+ν)(|λ|)2/(2+ν)

Coulomb: µ|λ|2

Log: V (r) = C log r Cµ0

Linear: µ−1/3|λ|2/3

SHO: µ−1/2|λ|1/2

Square well: µ−1
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Measuring the b-quark’s charge

For ν ≤ 1, scaling laws imply

|Ψb(0)|2 ≥
mb

mc

|Ψc(0)|2

; Γ(Υn → ℓ+ℓ−) ≥
e2
b

e2
c

·
mb

mc

·
M(ψn)

2

M(Υn)2
Γ(ψn → ℓ+ℓ−)

DORIS results presented at 1978 ICHEP (Tokyo)

Γ(Υ → ℓ+ℓ−) 1.26 ± 0.21 keV
Γ(Υ′ → ℓ+ℓ−) 0.36 ± 0.09 keV

established eb = −1
3
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|Q|=2/3



Counting Narrow Levels of Quarkonium

Eichten–Gottfried: QQ̄ (mQ ≫ mc): ≥ 3 narrow 3S1

levels, but Υ′ − Υ spacing is much larger than predicted.
How general? Depends on?

6S
7S

8S
9S

Logarithmic potential: 3 or 4 narrow Υ(3S1) levels.
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Counting Narrow Levels . . .

Remarkable general result

Number of narrow 3S1 levels is

n ≈ 2 ·

(

mQ

mc

)1/2

Key ingredients:

δ(mQ) ≡ 2m(lowest Qq̄ state) − 2mQ approaches a

finite δ∞ independent of mQ .

Semiclassical (WKB) approximation:
∫ r0

0

dr [mQ(δ(mQ) − V (r))]1/2 = (n − 1
4
)π
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Semiclassical Methods and Results

Evaluating the nonrelativistic connection

|Ψn(0)|2 =
µ

2π

〈

dV

dr

〉

n

in semiclassical approximation, connect the square of the
s-wave wave function at the origin to the level density:

|Ψn(0)|2 =
(2µ)3/2

4π2
E 1/2

n

dEn

dn

(for a nonsingular potential).
Elementary application

For V (r) = λr , |Ψn(0)|2: independent of n, ; En ∼ n2/3.
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Semiclassical Inverse Problem

For a monotonically increasing potential, the semiclassical
quantization condition

∫ r0

0

dr{2µ[E − V (r)]}1/2 = (n − 1
4)π

connects the shape of the potential to the level density:

r(V ) =
2

2µ1/2

∫ V

0

dE (V − E )1/2

[

dEn

dn

]−1

.
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New results, or results forgotten for 40 years?









Dualities

Connect bound-state spectra of V (r) = λr ν (ν > 0)
and V̄ (r) = λ̄r ν̄ − 2 < (ν̄ < 0)

Paired Schrödinger equations

~
2

2µ
u′′(r) +

[

E − λr ν −
ℓ(ℓ+ 1)~2

2µr 2

]

u(r) = 0

~
2

2µ
v ′′(z) +

[

Ē − λ̄z ν̄ −
ℓ̄(ℓ̄+ 1)~2

2µz2

]

v(z) = 0

(ν + 2)(ν̄ + 2) = 4, Ē = λ(ν̄/ν)2, λ̄ = −E (ν̄/ν)2,

z = r 1+ν/2, (ℓ̄+ 1/2)2ν2 = (ℓ+ 1/2)2ν̄2

familiar case Coulomb ⇐⇒ harmonic oscillator
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S. Chandresekhar

Our Priority Dispute with Isaac Newton



Am. J. Phys. 62, 310 (1994)



Designer Potentials

Construct a symmetric, one-dimensional potential
that supports N bound states at specified En

out of reflectionless potentials

(single bound state at              )

N-level reflectionless potential:
N-solitary-wave solution to

Korteweg-de Vries equation

Hank Thacker



Reflectionless potentials as Korteweg-de Vries solitons:
harmonic oscillator example



Flavor independence of strong interaction
among heavy quarks

Reconstructed from ψ Reconstructed from Υ



No Degenerate Levels in One-Dimensional QM
(simple Wronskian proof, if no pathologies)

As levels approach, two buckets retreat to ±∞



Band Structure and Periodic Potentials



Band Structure and Periodic Potentials
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FIG. 1. pT distributions for selected (a) K0
SK

±π∓ and
(b) K+K−π+π−π0 candidates (data points). The solid his-
togram represent the result of a fit to the sum of the simulated
signal (dashed) and background (dotted) contributions.

ground PDF is a fourth-order polynomial. The free pa-
rameters of the fit are the yields of the resonances and the
background, the peak masses and widths of the ηc(1S)
and ηc(2S) signals, the width of the Gaussian describing
the J/ψ ISR background, and the background shape pa-
rameters. The mass and width of the χc0,2(1P ) states
(and the mass of the J/ψ in the K0

SK
±π∓ channel), are

fixed to their nominal values [5]. For the K+K−π+π−π0

channel, the ηc(2S) width is fixed to the value found in
the K0

S
K±π∓ channel.

We define a MC event as “MC-Truth” (MCT) if the re-
constructed decay chain matches the generated one. We
use MCT signal and MCT ISR-background events to de-
termine the detector mass resolution function. This func-
tion is described by the sum of a Gaussian plus power-
law tails [18]. The width of the resolution function at
half maximum for the ηc(1S) is 8.1 (11.8) MeV/c2 in
the K0

SK
±π∓ (K+K−π+π−π0) decay mode. For the

ηc(2S) decay it is 10.6 (13.1) MeV/c2 in the K0
S
K±π∓

(K+K−π+π−π0) decay mode. The parameter values for
the resolution functions, are fixed to their MC values in
the fit.

Fit results are reported in Table I and shown in Fig. 2.
We correct the fitted ηc(1S) yields by subtracting the
number of peaking-background events originating from
the J/ψ→γηc(1S) decay, estimated below. The statisti-
cal significances of the signal yields are computed from
the ratio of the number of observed events to the sum in

quadrature of the statistical and systematic uncertain-
ties. The χ2/ndf of the fit is 1.07 (1.03), where ndf is
the number of degrees of freedom, which is 361 (360) for
the fit to K0

SK
±π∓ (K+K−π+π−π0).

To search for the Z(3930), we add to the fit described
above a signal component with the mass and width fixed
to the values reported in [13]. No significant changes are
observed in the fit results. Several processes, includ-
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FIG. 2. Fit to the K0
SK

±π∓ (a) and K+K−π+π−π0 (c) mass
spectra. The solid curves represent the total fit functions
and the dashed curves show the combinatorial background
contributions. The background-subtracted distributions are
shown in (b) and (d), where the solid curves indicate the
signal components.

ing ISR, continuum e+e− annihilation and two-photon
events with a final state different from the one stud-
ied, may produce irreducible peaking-background events,
containing real ηc(1S), ηc(2S), χc0(1P ) or χc2(1P ).
Well-reconstructed signal and J/ψ ISR background are
expected to peak at pT ∼ 0 GeV/c. Final states with
similar masses are expected to have similar pT distribu-
tions. Non-ISR background processes are expected to
have a nearly flat pT distribution. To estimate the num-
ber of such events, we fit the invariant mass distribution
in intervals of pT , thus obtaining the signal yield for each
resonance as a function of pT . The signal yield distribu-
tion is then fitted using the signal pT shape from MCT
events plus a flat background. The yield of peaking-
background events, originating from ψ radiative decays
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Bc (6277)
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BaBar hb(1P):

6

formed with the smearing and weighting parameters fixed
to the values obtained from the fit shown in Fig. 2. In
this process, the MC signal and background distributions
for each mrecoil(π0) interval are shifted, smeared, and
weighted using the fixed parameter values, and then nor-
malized to unit area. Thus, only the signal and back-
ground normalizations are free parameters in each fit.
The χ2-fit to the data then gives the value and uncer-
tainty of the coefficient multiplying the π0-signal his-
togram as the number of π0 events and its uncertainty.
The fits to the 90 m(γγ) distributions provide good de-
scriptions of the data, with an average 〈χ2/NDF 〉 =
0.98 ± 0.03 (NDF=1448), where the value ±0.03 is the
r.m.s. of the distribution. We verify that the fitted π0

yield is consistent with the number of truth-associated
π0’s in MC to ensure that the π0 selection efficiency is
well-determined using truth-matching, and to check the
validity of the π0-signal extraction procedure.
Figure 3 shows the mrecoil(π0) distribution obtained

in data by applying the π0-signal extraction procedure.
To search for an hb signal, we perform a binned χ2 fit
to this spectrum using a fit function that contains signal
and background contributions. The signal component
is parametrized with the sum of two Crystal Ball [19]
functions with parameter values determined from signal
Υ (3S) → π0hb MC events. The background function is
obtained from the background distribution of an inclu-
sive MC sample that is weighted to accurately model the
distribution in data. The weighting function is a fifth or-
der polynomial with parameters set from a fit of the ratio
of the mrecoil(π0) distributions in data and MC exclud-
ing the hb signal region (9.87–9.93 GeV/c2). We obtain a
corrected MC background distribution by applying this
weight over the full range of mrecoil(π0).
We fit the corrected MC background distribution with

a sixth order polynomial function. To improve sensitivity,
the background function is fixed in the fit to data. All
the parameters of the hb signal lineshape except the peak
position and yield are fixed. The number of hb events
obtained from the fit is 9145 ± 2804, and the hb fitted
mass value is m = 9902 ± 4 MeV/c2. The distribution
of the normalized residuals is described by a Gaussian
function with mean and width values consistent with zero
and one, respectively; this confirms that the uncertainties
associated with the individual π0 signals are reliable.
In order to determine the statistical significance of the

signal we repeat the fit with the hb mass fixed to the cen-
ter of gravity of the χbJ(1P ) states, m = 9900 MeV/c2.
The signal yield obtained from this fit is 8959±2796. The
statistical significance of the signal is calculated from the
square-root of the difference in χ2 for this fit with and
without a signal component; this gives a value of 3.2 stan-
dard deviations. Figure 4 represents the results of a scan
performed as a function of the assumed hb mass. Each
point in this figure corresponds to the fitted signal yield
with the hb mass parameter fixed.
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FIG. 3: (a) The mrecoil(π
0) distribution in the region

9.73 < mrecoil(π
0) < 10 GeV/c2 for data (points); the solid

curve represents the fit function described in the text. The
normalized residuals are shown underneath. (b) (inset) Ex-
panded view of the signal region; the dashed curve represents
the background function. (c) The mrecoil(π

0) spectrum after
subtracting background; the shaded histogram represents the
signal function resulting from the fit to the data.

We obtain an estimate of systematic uncertainty on the
number of π0’s in each mrecoil(π0) interval by repeating
the fits to the individual m(γγ) spectra with the line-
shape parameters corresponding to Fig. 2 varied within
their uncertainties. The distribution of the net uncer-
tainty varies as a third order polynomial in mrecoil(π0).
We estimate a systematic uncertainty of ±210 events on
the hb signal yield due to the π0-yield extraction pro-
cedure by evaluating this function at the fitted hb mass
value.

The dominant systematic uncertainty on the measured

1102.4565



1103.3419

BELLE hb(1P) and hb(2P):



New States Associated with Charmonium

X (3872) → π+π−J/ψ at D0D̄∗0 threshold;

very likely JPC = 1++;
(cc̄) + s-wave threshold + “molecule” + . . . ?

Feshbach resonances? coupled-channels

Z (3930) in γγ → DD̄: χ′
c2

X (3940) in e+e− → J/ψD∗D̄

Y (3940) in B → KωJ/ψ

X (3915) in γγ → ωJ/ψ ∼ Z (3930)?

Y (4140) in J/ψφ

Y (4260) in e+e− → γISRJ/ψπ+π−

Z+(4430) → π+ψ′: not yet confirmed

2−−, 2−+ states (above DD̄, but narrow) still missing
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